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We describe a result coming from an experiment based on an Al-Mg alloy (∼ 5% Mg)
suspended bar hit by an electron beam and operated above and below the termperature
of transition from superconducting to normal state of the material. The amplitude of
the bar first longitudinal mode of oscillation, excited by the beam interacting with the
bulk, and the energy deposited by the beam in the bar are the quantities measured by
the experiment. These quantities, inserted in the equations describing the mechanism of
the mode excitation and complemented by an independent measurement of the specific
heat, allow us to determine the linear expansion coefficient α of the material. We obtain
α = [(10.9±0.4)T +(1.3±0.1)T 3]×10−10 K−1 for the normal state of conduction in the
temperature interval 0.9 < T < 2 K and α = [(−2.45±0.60)+(−10.68±1.24)T +(0.13±
0.01)T 3]× 10−9 K−1 for the superconducting state in the interval 0.3 < T < 0.8 K.
Keywords: Thermal expansion; Low temperature; Aluminum alloy.
1. Introduction
Wrought aluminum-magnesium alloys (International Alloy Designation System:
5XXX, Mg content: 5.6% maximum) are commonly used in applications where good
workability, very good resistance to corrosion, high fatigue strength are desidered.
Example of applications are: oil, fuel lines and tanks, pressure cryogenic vessels,
marine structures and fittings, automotive and architectural components.
The alloy Al 5056 (5.2% Mg, 0.1% Mn, 0.1% Cr) is the material of the test
mass of gravitational wave (GW) resonant antennas AURIGA1, EXPLORER2,
NAUTILUS3 in Italy and ALLEGRO4 in the United States, operated at liquid
Helium temperature and below. During the last decade, all these detectors took
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part, as a network, in coordinated searches for impulsive GW excitations (no GW
events were detected).5,6
The test mass of the GW resonant antennas is a suspended cylinder (∼ 2300
kg mass), acting as a mechanical resonator whose resonances are excited by the
incoming GW. The elastic vibrations are converted to electrical signals by a trans-
ducer system. The minimum detectable energy of a GW resonant antenna inversely
depends on Q, the acoustic quality factor of the material also known as the inverse
of the internal friction. Al 5056 was chosen as the material for the GW antennas
due to the high values of Q,7 exhibited at very low temperatures.
B.L. Baron and R. Hofstadter first measured8 mechanical oscillations in piezo-
electric disks penetrated by high energy electron beams and they outlined the pos-
sibility that cosmic ray (CR) events could excite mechanical vibrations in a metallic
cylinder at its resonant frequency and that these events could mimic GW events de-
tected by resonant antennas. NAUTILUS has been equipped with a CR detector9 to
study the interactions caused by CRs and to provide a veto against the CR induced
events in the antenna.
Correlating NAUTILUS data with CR observations, the following results were ob-
tained: 1) the rate of high energy signals due to CR showers was larger than
expectations10,11 when the antenna was operated at a temperature T = 0.14 K,
i.e. well below the transition temperature from normal-conducting (n) to supercon-
ducting (s) states of Al 5056;12 2) this feature was not observed when the antenna
was operated at T = 1.5 K, i.e. above the transition temperature.13
Since these findings had not a straightforward interpretation, we performed an ex-
periment (RAP) aimed at measuring the longitudinal oscillations of a small sus-
pended Al 5056 cylinder hit by an electron beam of known energy. The RAP ex-
periment, performed at the Beam Test Facility (BTF)14 of the DAFNE Φ-factory
complex in the INFN Frascati Laboratory, has shown that 1) the amplitude of the
longitudinal oscillations of the cylinder hit by ionizing particles depends on the
state of conduction of the material15,16 and that 2) the observed amplitudes are
consistent with the amplitudes measured by NAUTILUS in CR events both in (n)
and (s) states.17 Moreover, the amplitude can be evaluated in the framework of
the Thermo-Acoustic model: in the (n) state it depends on the ratio of the ther-
mal expansion coefficient to the specific heat, this ratio being part of the definition
of the Gru¨neisen parameter. In the (s) state the amplitude also depends on the
fractional volume change between the (s) and (n) states. In principle, the relevant
thermophysical properties of the Al 5056 at low temperature are not known with
sufficient precision to allow the comparison between experimental and theoretical
values of the amplitude predicted by the model. However, our confidence in the
model is also based on the small discrepancy, of the order of 15%, between the
amplitudes measured in the alloy and those computed by using the data for pure
aluminum in the region 4.5 ≤ T ≤ 264 K.18
Direct measurements of the Gru¨neisen parameter of elastic materials have been
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reported:19 the authors used pulsed electron beams hitting the front surface of a
thin slab, and measured the induced motion on the rear face surface. The equation of
motion describing thermoelastic effects depends on the Gru¨neisen parameter and on
the energy deposited by the beam in the slab. The measurement of the displacement,
the knowledge of the deposited energy and the use of the equation of motion allowed
them to directly determine the Gru¨neisen parameter.
In a similar way this paper presents experimental results on the linear expansion
coefficient of the aluminum alloy above and below the temperature of transition
between the (s) and (n) state. In order to determine the coefficient we use: a) the
oscillation amplitude measurements, b) the equations describing the amplitude in
the framework of the Thermo-Acoustic model, c) the measurements of the deposited
energy by the electron beam, obtained by the product of the measured beam mul-
tiplicity and the calculated energy loss in the material by each particle, and d) an
independent measurement of the specific heat.
2. The Thermo-Acoustic model
2.1. (n) state
We consider a cylinder (radius R, length L, mass M) that is suspended in corre-
spondence of the middle section, with its axis horizontal. A ionizing particle, after
hitting the lateral surface of the cylinder and interacting with the material, gener-
ates a pressure pulse in the bulk. This sonic pulse is the result of the local thermal
expansion of the material caused by the warming up due to the energy lost by the
particle in the material. The sonic pulse determines the excitation of the vibrational
oscillation modes of the suspended bar. By introducing a vector field u(x, t) to de-
scribe the local displacements from equilibrium, we express the amplitude of the
k-th longitudinal mode of oscillation as proportional to the quantity:20,21,22
gk,therm =
∆Ptherm
ρ
A′Ik
=
γ
ρ
∣∣∣∣dWdl
∣∣∣∣ Ik , (1)
where ∆Ptherm is the pressure pulse due to the sonic source described above, ρ is
the mass density, dW/dl is the energy loss per unit length of the interacting particle,
A′ is the cross section of the tubular zone centered on the particle path in which
the effects are generated and Ik =
∫
dl(∇ · uk(x)) is a line integral over the particle
path involving the normal mode of oscillation uk(x). In the previous relation γ is
the adimensional Gru¨neisen parameter:
γ =
βKT
ρcV
, (2)
with β the volume thermal expansion coefficient (β = 3α for cubic elements), cV
the isochoric specific heat and KT the isothermal bulk module.
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A thin bar (R/L ≪ 1) hit by a ionizing particle at the center of the lateral
surface is a particular case of the more general one that leads to relation (1). In
this case, the fundamental longitudinal mode of oscillation is excited to a maximum
amplitude given by:23
X =
2αLW
πcVM
, (3)
and then exponentially decays due to internal friction. Here W is the total energy
released in the bar by the particle beam. The experimental conditions of RAP are
close to this particular case and the amplitude maximum of the fundamental longitu-
dinal mode of oscillation is the observable measured by the experiment. However, in
order to model the amplitude in the most realistic way, we have performed a Monte
Carlo (MC) simulation,18 which takes into account the corrections O[(R/L)2] for
the modes of oscillation of a cylinder, the transverse dimension of the electron beam
at the impact point and the trajectories of the secondary particles generated by the
electron interactions in the bar. All these effects are summarized in a corrective
parameter ǫ and the amplitude maximum of the fundamental longitudinal mode of
oscillation is modeled by:
X(n) = X(1 + ǫ) (4)
The value of ǫ for the aluminum alloy bar used in the experiment is estimated by
MC to be -0.04.
2.2. (s) state
The energy released by the ionizing particles to the material determines the suppres-
sion of the superconductivity in a region (Hot Spot) centered around the particle
path. The maximum value of the Hot Spot radius, rHS , is obtained by equating the
energy lost per unit length by the particle, dW/dl, to the enthalpy variation in the
volume undergoing the (s)→ (n) transition at temperature T :24,25,26
rHS =
√
|dW/dl|
π ∆h
=
√
A′′
π
, (5)
where ∆h is the enthalpy change per unit volume and A′′ is the cross section of the
zone switched to the (n) state.
The amplitude of the longitudinal oscillations is the sum of two terms, one related
to thermodynamic effects in the (s)→ (n) transition and the other to the thermal
effects in the region switched to the (n) state, which have been already described in
the Section 2.1. The contribution to the amplitude of the cylinder k− th oscillation
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mode due to the (s)→ (n) transition is proportional to:20,21
gk,trans =
∆Ptrans
ρ
A′′Ik
=
1
ρ
[
KT
∆V
V
+ γT
∆S
V
]
A′′Ik ,
where V = V(s) and ∆V , ∆S are the differences of the volume and the entropy
in the two states of conduction. According to the thermodynamics of volume and
pressure effects for Type-II superconductors, these differences can be written asa:27
∆V = V(n) − V(s) =
V Hc
4π
∂Hc
∂P
+
{
H2c
8π
∂V
∂P
}
(6)
and
∆S = S(n) − S(s) = −
VHc
4π
∂Hc
∂T
−
{
H2c
8π
∂V
∂T
}
(7)
Here Hc is the superconducting critical magnetic field that is supposed to have the
parabolic behavior Hc(t) = Hc(0)(1 − t2), where t = T/Tc and Tc is the transition
temperature. Moreover, the terms in { } brackets are expected to be smaller than
the preceding terms28 and are usually ignored for practical purposes.
Finally, the knowledge of the specific heat of the material for the (s) state, c(s),
allows us to compute the variation of the entalpy per unit volume in the form:29
∆h = Cint(T ) + T
∆S
V
(8)
with:
Cint(T ) =
∫ Tc
T
c(s)(T ′)dT ′
The amplitude maximum of the fundamental longitudinal mode of oscillation
in the (s) state, as already indicated, is the sum of two terms, one related to
the transition and the other to the (n) contribution from the switched region:
X(s) = Xtrans + X(n). By observing that Xtrans/X(n) = gk=0,trans/gk=0,therm we
can describe the amplitude maximum according to the following relation:
X(s) = X(n)
{
1 +
Xtrans
X(n)
}
= X(n)
{
1 +
[
Π
∆V
V
+ T
∆S
V
]
[∆h]
−1
}
, (9)
aWe show the relations in cgs unit system, as done by the original authors. In the computations
we will convert the magnetic field energy density from cgs to SI.
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where the relation (4) and the definition (2) of γ are used to define:
Π =
2ρL(1 + ǫ)
3πM(X(n)/W )
We note that the term contained in { } brackets in the relation (9) is independent
from W , the energy released by the particle to the bar, and that X(s) linearly
depends on W through X(n).
3. Experimental setup and procedures
The experiment mechanical layout, its cryogenic setup and operations, the electron
beam characteristics, the instrumentation and the procedures for calibrations, data
taking and analysis have been fully described in Refs. 17–18. Briefly, the dimensions
and the mass of the Al 5056 cylindrical bar are R = 0.091 m, L = 0.500 m,
M = 34.1 kg, respectively. The bar hangs from the cryostat top by means of a multi-
stage suspension system providing a 150 dB attenuation of the external mechanical
noise in the 1700-6500 Hz frequency window. The frequency of the fundamental
longitudinal mode of oscillation of the bar is f0 = 5413.6 Hz below T = 4 K. The
cryostat is equipped with a dilution refrigerator. The temperatures are measured
inside the cryostat by 11 thermometers controlled by two multi-channel resistance
bridges and, among them, a calibrated RuO2 resistor measures the temperature of
one of the bar end faces with an accuracy of 0.01 K below T = 4 K. Two piezoelectric
ceramics (Pz), electrically connected in parallel, are inserted in a slot cut in the
position opposite to the bar suspension point and are squeezed when the bar shrinks.
In this Pz arrangement the strain measured at the bar center is proportional to
the displacement of the bar end faces. The Pz output is first amplified and then
sampled at 100 kHz by an ADC embedded in a VME system dedicated to the data
acquisition. A Pz calibration procedure, performed before each run of data taking,
provides the factor converting the ADC samples into the displacements of the bar
end faces. A software filtering algorithm, known as ”digital lock-in”, extracts the
Fourier component at the frequency f0 from the time sequence formed by the ADC
samples before and after the beam hit, determining the amplitude of the induced
fundamental oscillation. The sign of the amplitude is taken positive or negative
according to the sign of the first sample raising above the threshold after the beam
hit.
The BTF beam line delivers to the bar single pulses of ∼ 10 ns duration, containing
Ne electrons of 510 ± 2 MeV energy. Ne ranges from about 5 × 107 to 109 and is
measured with an accuracy of ∼ 3% (for Ne > 5 × 108) by an integrating current
transformer placed close to the beam line exit point. The MC simulation, discussed
in Section 2, estimates an average energy lost 〈∆E〉± σ∆E = 195.2± 70.6 MeV for
a 512 MeV electron interacting in the bar and, consequently, the total energy loss
per beam pulse is given by W = Ne〈∆E〉, σW =
√
Ne σ∆E . Two sources of error
affect the vibration maximum amplitude: the first is an overall systematic error of
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the order of ±6%, that accounts for the slightly different set-up and calibration
procedures implemented in the runs over two years and the second is related to the
noise in the measurement of the oscillation amplitude (±1.3× 10−13 m).
4. Linear expansion coefficient measurements
The coefficient α is determined by inserting the measured values of the amplitude
maximum of the fundamental longitudinal mode of oscillation (X(n), X(s)) and the
corresponding measurements of the deposited energy (W ) into the relations mod-
eling the amplitudes (equations (4),(9)). The measurement30 at very low tempera-
tures of the specific heat of an Al 5056 sample, of the same production batch of the
RAP bar, is a fundamental ingredient for the coefficient determination both in (n)
and (s) states. Moreover, the superconducting characterization of the material has
shown that Tc = 0.845 ± 0.002 K with a total transition width of about 0.1 K.30
Thus we determine α for the two states of conduction (α(n), α(s)) according to this
temperature value.
4.1. (n) state
Values of the amplitude maximum of the fundamental longitudinal mode of os-
cillation and the related values of the deposited energies by the beam have been
measured and analyzed in the temperature interval 0.9 ≤ T ≤ 2 K.17 The values
of X(n) show a strict linear correlation with the values of W (Fig. 1) and they have
been fitted, including the errors, by a line constrained to the origin (X(n) = p0W ).
The slope of the fit, which has a χ2 per degree of freedom equal to 0.45/15, is
p0 = (2.24± 0.05)× 10−10 m J−1. From the relation (4) it follows that:
α
cV
=
πMp0
2L(1 + ǫ)
(10)
In the same temperature interval the parametrization cV = CT + DT
3, where
C is the electronic specific heat coefficient per unit volume and D is the lattice
contribution, is determined by30 C = (4.382± 0.117)× 10−2 J kg−1 K−2 and D =
(5.20± 0.37)× 10−3 J kg−1 K−4. Inserting this cV parametrization in relation (10)
directly gives:
α(n) = α(n),e + α(n),ℓ
= [(10.9± 0.4)T + (1.3± 0.1)T 3]× 10−10 K−1 (11)
for the linear expansion coefficient (Fig. 2) expressed in terms of the electronic and
lattice components in the temperature interval 0.9 ≤ T ≤ 2 K.
We note that the value of α(n) for pure aluminum is reported
31 to be 2.7×10−9 K−1
at T = 2 K. This value, which is the one associated to the lowest temperature in
the previously cited work, can be compared with α(n) = (3.2 ± 0.2) × 10−9 K−1
obtained in the present work for Al 5056 at the same temperature.
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Fig. 1. Normal state. Values of the amplitude maximum of the fundamental longitudinal mode
of oscillation (X(n)) vs. the deposited energies (W) measured in the temperature interval 0.9 ≤
T ≤ 2 K. Data have been fitted by a straight line, constrained to zero, with slope (2.24 ± 0.05) ×
10−10 m J−1.
4.2. (s) state
From eq. (9) we can derive the volume variation among the two states of conduction:
∆V
V
=
1
Π
[R ∆h
p0
− T ∆S
V
]
(12)
where R = X(s)/W − p0, with p0 introduced in Section 4.1. The volume variation
depends on measured quantities (X(s),W, p0, cV , T, Tc) and calculated ones. The
latter are related to the critical field Hc(T = 0) and to its parabolic dependance
on the temperature, which also allows us to compute the derivative ∂Hc/∂T . If the
superconducting properties of Al 5056 can be described by the BCS theory, then
Hc(T = 0) ≈ 2.42
√
CTc ≈ 70 Oe, C being the electronic specific heat coefficient
August 14, 2018 8:33 RAParxiv
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Fig. 2. Normal state. Measured values of the linear expansion coefficient (α(n)) vs. temperature
(T). The thinner lines enclose the region compatible with the uncertainties.
per unit volume (Section 4.1), here expressed in suitable cgs units (erg cm−3 K−2).
As already mentioned, the model predicts that the amplitude maximum of the fun-
damental longitudinal mode of oscillation for both states of conduction (X(n), X(s))
linearly depends on the energy deposited by the e− beam in the bar. On the con-
trary, the X(s) values for Al 5056
15,17 show an increasing deviation from lin-
earity with the increase of the deposited energy W , due to saturation effects
discussed in Ref. 17. However, if we restrict our analysis to the data gathered
at the lowest deposited energies, these non linearities can safely be neglected,
and we can use the relation (12) to compute the volume variation. Fig. 3 shows
the values of ∆V/V versus the temperature T for the data with released en-
ergy: 1.5 × 10−3 < W < 9 × 10−3 J. ∆V/V data have been fitted by a 2nd
order polynomial q0 + q1 T + q2 T
2 obtaining q0 = (−1.737 ± 0.054) × 10−8,
q1 = (7.334±1.785)×10−9 K−1, q2 = (1.766±0.187)×10−8 K−2 with a χ2 = 1.38
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normalized over 94 degrees of freedom.
Fig. 3. Superconducting state. Measured values of ∆V/V vs. temperature for beam hits deposing
in the bar an energy W < 9 mJ. The thick dotted line is a fit to the data with a 2nd order polyno-
mial. The thinner lines enclose a region compatible with the uncertainties in the fit parameters.
The use of q0 and of the relation (6) gives ∂Hc/∂P = (−3.12 ± 0.10) ×
10−12 T Pa−1 at T = 0 K, a value that can be compared with (−2.67 ± 0.06) ×
10−12 T Pa−1 obtained by Harris and Mapother in their experimental study of the
critical field of pure aluminum as a function of pressure and temperature.32 The
difference of the thermal expansion coefficients in the normal and superconducting
phases is obtained by taking the derivative with respect to T of the difference of
volumes:27 ∆α = α(n) − α(s) = 13 ddT ∆VV .
Under the hypothesis that α(n) is still represented by the relation (11) in the inter-
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val 0.3 K < T < Tc and by using the polynomial fitting for ∆V/V , the following
expression is obtained for that temperature interval:
α(s) = α(n) −∆α
= [(−2.45± 0.60) + (−10.68± 1.24)T
+(0.13± 0.01)T 3]× 10−9 K−1 (13)
Fig. 4. Superconducting state. Values of α(s) vs. reduced temperature (t = T/Tc) for Al 5056
(solid line). For reference, we also show the result for pure Al (dotted line) derived from data of
Ref. 32. The thinner lines enclose the regions compatible with the uncertainties in the α(s) values.
This result can be compared with the expansion coefficient of pure aluminum in the
(s) state, using for pure aluminum the relation α(s) = α(s),e + αℓ, in which it is as-
sumed that the lattice component does not depend on the conduction state and that
its values are given in Ref. 33. The definition (2) gives α(s),e = ρcV,e
(s)γ(s),e/(3KT ),
where the electronic component of cV in the (s) state (cV,e
(s)) is taken from the
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work of Phillips,34 the electronic component of the Gru¨neisen parameter in the (s)
state (γ(s),e) from Ref. 35 and K
(s)
T ∼ K(n)T = 79.4× 109 Pa at low temperatures.36
The comparison is shown in Fig. 4 as a function of the reduced temperature t.
5. Conclusions
In this paper we present an evaluation of the linear expansion coefficient of an Al-
Mg alloy obtained by measuring both the amplitude of the fundamental mode of
the longitudinal oscillation excited by electrons interacting in a suspended bar and
the energy released in the bar by the electron pulse. The use of this method to
determine α is new, although similarities exist with the direct measurement of the
the Gru¨neisen parameter performed by hitting thin slabs with particle beams to
generate thermoelastic pulses. No expansion data for aluminum alloys were previ-
ously available in the literature for the temperature range 0.3 < T < 2 K explored
by this experiment. The expansion coefficient is negative in the superconducting
state and its absolute value just below Tc is larger by an order of magnitude than
the value above this temperature. This feature is expected also for pure aluminum,
according to an analysis35 of the measured values of Hc(P, T ) available in Ref. 32.
This work was partially supported by the EU FP-6 Project ILIAS (RII3-CT-2004-
506222).
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